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A CURVATURE FORMULA ASSOCIATED TO A FAMILY OF 
PSEUDOCONVEX DOMAINS 

XU WANG 


Abstract. We shall give a definition of the curvature operator for a family of weighted 
Bergman spaces {' Ht } associated to a smooth family of smoothly bounded strongly pseu- 
doconvex domains {Dt}. In order to study the “boundary term” in the curvature operator, 
we shall introduce the notion of geodesic curvature for the associated family of boundaries 
{dDt}. As an application, we get a variation formula for the norms of Bergman projec¬ 
tions of currents with compact support. A flatness criterion for {' Ht} and its applications 
to triviality of fibrations are also given in this paper. 
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1. Introduction 

In 2005, Berndtsson [3] found that the functional version of the classical Brunn-Minkowski 
inequality, i.e. the Prekopa theorem [44] , can be seen as a special case of the subharmonic- 
ity property of the Bergman kernel (see [38] and |39| for early results with different point 
of view). It opens another door (so called complex Brunn-Minkowski theory ) of studying 
complex geometry by using the Brunn-Minkowski theory in convex geometry. Below, we 
shall give a short account of the complex Brunn-Minkowski theory, and a simple example 
to show our motivation to write this paper. 

Heuristically speaking, the Prekopa theorem can be seen as a version of inverse Holder 
inequality. In [8], Berndtsson gave another form of the classical Holder inequality: 

Theorem A [Holder inequality]: Let 4>(t,x) be convex in t. Then 

(1.1) t i-A log / e^(6 x )(ix-, dx = dx 1 A • • • A dx 11 , 

J R n 

is convex (if the integral is convergent). 

The proof follows by differentiating with respect to t: 

(1.2) ^log J e^j = (/ e^j ^j e* J (fate* + (fie 4 ’) - ( J . 

Notice that, by the Cauchy-Schwarz inequality, we have 

(1.3) ( J fae*) 2 < J e* J $e 4> . 

Thus 4>u > 0 implies that (log f ef) tt > 0. 

The following result is due to Prekopa: 

Theorem B [Prekopa theorem]: Let 4>(t,x) be convex in t and x. Then 

(1.4) t i-A—log f e~^ t,x ^dx, 

J R n 

is convex. 

There are many ways to prove Theorem B. A famous observation of Brascamp-Lieb (see 
[16] ) is: one may use a weighted L 2 -estimates of the d-operator to prove Theorem B. 

In [2], Berndtsson showed that one may also use the Hormander’s weighted L 2 -estimates 
of the 9-operator (see m) to prove Theorem B. Moreover, in [3], he established the fol¬ 
lowing complex version of Theorem B: 
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Theorem C [Berndtsson’s theorem]: Let <f>ft,z) be a plurisubharmonic function on a 
pseudoconvex domain D C C™ x C". Then 

(1.5) (t,z) log K\z,z), 

is plurisubharmonic or equal to — oo identically on D, where each K f denotes the weighted 
Bergman kernel associated to the fibre Dt := D D ({t} x C n ) and the weight cff := <f\D t . 

In [3], Berndtsson gave two proofs of Theorem C. A crucial step in his first proof is also 
the Hormander’s L 2 -estinrates of the 9-operator. Later in |4j, he pointed out that it will be 
more natural to look at Theorem C as a curvature property of the direct image bundle (see 
Theorem 1.1 and Theorem 1.2 in [4]). This is a milestone in the complex Brunn-Minkowski 
theory (see [10]) - 

The complex Brunn-Minkowski theory has proved to be very useful in several complex 
variables and complex geometry (see 0. El, Mi EE], US] and references therein). This 
paper is an attempt to study the curvature formula of the direct image bundle associated 
to general Stein-hbrations (see m, na, m, m, m and 02J for other generalizations 
and related results). The new results are the boundary term of the curvature formula and 
its relation with interpolation family of convex bodies. 

Let us start by looking at an almost trivial case of Theorem B. Let 


(1.6) T := {[a{t),b(t)]}o< t <i, 

be a family of line segments. Let 

D := {(t,x) 6 M 2 : aft) < x < bft), 0 < t < 1}, 


be the total space. Assume that bft) > aft) for each 0 < t < 1 and a, b are smooth on a 
neighborhood of [0,1]. Put 


0(a) 



d?b 
dt 2 


Let us introduce the following definitions: 


Definition 1.1. We call 6 the geodesic curvature of T. 
Definition 1.2. We call J- an interpolation family if 9 = 0. 


Remark: T is an interpolation family if and only if both a and b are affine functions. 


Definition 1.3. We call T a trivial family if there exists a real constant c such that for 
every 0 < t < 1, [o(t), 6(f)] = [a(0), b( 0)] + ct. 


Put 


(1.7) 


f>(t,x) = 0, on D, (j>ft,x) = oo, on M 2 \D, 


then convexity of D is equivalent to convexity of (j). Thus Theorem B implies that if D is 
convex then 

(1.8) <h : t i-a — log(6(f) — aft)) = — log f e~^ t,x ' > dx 

Jr 

is convex on (0,1). Moreover, by direct computation, 


$ = 


(b — a) (a — b) + (o — by 
(b — a) 2 


<f> := 




a : = 


da 

dt 


(1.9) 
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We call 

(1.10) Geo := 
the geodesic term in and 

( 1 . 11 ) 


(b — a)(a — b) 6 (a) + 6{b) 
(b — a) 2 b — a 


(a-b ) 2 

(b — a) 2 


the remaining term in 4>. Thus we have: 


Proposition 1.4. The remaining term in is always non-negative. Moreover, if the total 
space D is convex then the geodesic term in is also non-negative. 

Proposition 1.5. Assume that the total space D is convex then affine-ness of is equiv¬ 
alent to triviality of T. 


In this paper, we shall study the counterparts of the above notions in complex geometry. 
In the next secion, we shall define the notion of geodesic curvature (see Definition 12.81) for 
a smooth family of smoothly bounded Stein domains (see Definition 12. 5[) . Then Definition 
12.101 interpolation family of Stein domains , can be seen as a generalization of Definition 
1.2; and Definition 12.161 trivial family of Stein domains, can be seen as a generalization of 
Definition 1.3. 

Our main result, Theorem 12.111 is a curvature formula associated to variation of Stein 
manifolds. Let {Df\ be a smooth family of smoothly bounded n-dimensional Stein domains. 
Let £ be a holomorphic line bundle on the total space D. Let h be a smooth Hermitian 
metric on C. We shall consider the associated family of Bergman spaces 

n := {Ut}, 

where each Tit is the space of L 2 -holomorphic C\o t -valued (?r,0)-forms on Dt- Then Theo¬ 
rem 12.111 reads that: 

Main Theorem: Assume that L is flat or relatively ample. Then the curvature of TL 
contains two terms: the geodeisc term and the remaining term. The remaining term is 
always semi-positive in the sense of Nakano. Moreover, if the total space is pseudoconvex 
and C is semi-positive on the total space then the geodesic term is also semi-positive in the 
sense of Nakano. 

Thus our main result can be seen as a generalization of Proposition 11.41 In section 2.5, 
we shall give a definition of the holomorphic section of the dual of TL (see Definition 12. 14[) . 
Then our main application, Corollary 12.151 can be stated as follows: 

Application: If the total space is pseudoconvex and L is non-negative on the total space 
then log ||/|| is plurisubharmonic for every holomorphic section f of the dual ofTL. 

Corollary 12.151 can be seen as a generalization of Theorem C (see the remark behind 
Theorem 1.1 in m • In section 5.2, we shall also use Corollary 12.151 to study variation of 
the Bergman projection of currents with compact support. In particular, we shall give a 
variation formula for the derivatives of the Bergman kernel (see Theorem l5.2l) . 

In section 6, we shall discuss the counterparts of Proposition 11.51 in complex case. We 
shall show that under some assumptions (see Theorem 12.17j) , flatness of TL and triviality 
of D are equivalent. As a direct corollary, we shall give a triviality criterion for a class of 
holomorphic motions (see Corollary 12.181) of planar domains. 

























CURVATURE FORMULA 


5 


Acknowledgement: I would like to thank Bo-Yong Chen for introducing me this topic, 
Bo Berndtsson for many inspiring discussions relating the curvature of the direct images, 
his useful comments on this paper and suggestions on paper writing. Thanks are also given 
to Qing-Chun Ji for his constant support and encouragement. 

I would also like to thank Laszlo Lempert for pointing out a mistake in the first version 
of this paper regarding the assumptions of Lemma 12.91 After the first version of this 
manuscript was completed, Laszlo Lempert kindly sent me a preprint [52] of Dat Vu Tran. 
In [52], Dat Vu Tran gave a careful study of curvature of Hilbert fields (see also m) 
and showed that the curvature operator associated to a famlily of planar domains with 
pseudoconvex global space is semi-positive, which covers our main theorem in case each 
fibre is one-dimensional. 

Last but not least, thanks are due to the referee for pointing out several inaccuracies in 
this paper and hopefully making this paper more readable. 

2. Basic definitions and results 


2.1. List of notations. 

1. 7T : X —> B is a holomorphic submersion. 

2. D is an open subset in A, D t := D n ir^ft). 

3. £ is a holomorphic line bundle over X and L t := L\n t - 

4. Tit is the space of L 2 holomorphic L^-valued (n, 0)-forms on D t . 

5. 7~i := {Ht}teB- 

6. ip. the inclusion mapping Dt’—tD. 

7. t: coordinate system on B, P components of t, dp = d/dP , d t k = d/dt k . 

8. dP ® dp is the 3-operator on TL. 

9. 22 dP (g> Dp is the (l,0)-part of the Chern connection on TL. 

10. ©jj, := [Dp, d t k]: curvature operators on TL. 

11. 9jk(p): geodesic curvature of {dD t }. 

12. ? 7 , C,//: local coordinate system on a fixed fibre D t of D, p x \ components of fi. 

13. local representative of a Hermitian metric h on a line bundle £. 

14. cj)j := dcf/dP, cf>j\ := d 2 <f >/ dPd , 4>\p := d 2 4>/dp x dp v . 

15. (p Xu ), ( 4 > Xu ): inverse matrix of (p\p), respectively. 

16. 5y := V j means contraction of a form with a vector field V; 

17. a,/3 G N n , [a| := a\ + • • • + a n , f a := d^f/(dp 1 ) ai ■ ■ ■ ( dp n ) an . 

2.2. Set up. Let ir : X A 1 be a holomorphic submersion from an (n + mj-dimensional 
complex manifold X to the unit ball B in C m . Let D be an open subset of X. Put 

D t = D n 7r _1 (t). 

The following assumption will be used throughout this paper. 

Al: The restriction of it to the closure of D (with respect to the topology structure of the 
total space X) is proper, and Dt is non-empty for every t in B. 

Let £ be a holomorphic line bundle over X. Put 

Lt '■= £|Dp 

We shall consider the following family of vector spaces associated to {D t }tm'. 

U t := {/ € H\D u K Dt +Lt) : / i n \f,f} < oo}, 

J Dt 
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where {•, •} is the canonical sesquilinear pairing (see page 268 in [19]) with respect to h. If 
we fix a local holomorphic frame, say e, of C, and write h(e, e) = e~P, then 

{f{z) ® e, f(z ) <g> e} = e-^)/( 2 ) A J(zj. 

Put 

Remark: We know that each fibre Lit is an infinite dimensional Hilbert space, moreover, 
the element in Lit may not be smooth up to the boundary. Thus it is not easy to give a 
good definition of the curvature operator on LL (see (32] for a careful study of this subject). 
In order to make things easier, we shall only define the curvature operator on sections that 
are smooth up to the boundary. 

Let it be the inclusion mapping 

(2.1) if.Dt^r D. 

We shall introduce the following definition: 

Definition 2.1. We call u : 1 i—>- u f 6 Lit a smooth section of Li if there exists an C-valued 
(■ n,0)-form, say u, such that 

(2.2) i*u = u t , V t € B, 

and u is smooth up to the boundary of D. We shall denote by T(Li) the space of smooth 
sections of Li. 

Remark: One may choose u in the above definition such that u is smooth on the total 
space X. 

In order to give a precise definition of the 9-operator on Li, we shall introduce the 
following definition (see [7], see also Page 46 in [32] or [53] for the admissible coordinate 
method): 

Definition 2.2. We call a smooth C-valued ( n,0)-form u on X a representative of u € 
T (H) if i*(u) = u l for all t £ B. 

9-operator on Li: Let u be a representative of u € L(Li). Then one may write 

(2.3) 9u = ^2 dtP A rjj + dP A Vj. 

Since u A dt , dt := dt 1 A • • • A dt m , does not depend on the choice of u and 

(2.4) 9(u A dt) = "22 dP A Vj A dt , 

we know that each i*Uj does not depend on the choice of vj. Let us define 

(2.5) dpU : t i-A- ifUj. 

Then the 9-operator on d can be defined as 

du := '22 dP ® dpU. 

From the definition, we know that du = 0 on B if and only if u A dt is holomorphic on D. 
We shall introduce the following definition: 

Definition 2.3. Let u be a smooth section of Li. We call u a holomorphic section of Li if 
u A dt is holomorphic on D. 
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Chern connection on hi: We shall write the (1, 0)-part of the Chern connection on hi 
as dt J <8> D t j. By definition, each Dp should satisfy 

(2.6) d t j(u,v) = (D t ju, v) + (u,d t jv), V u,v £ T("H), 

where dp = d/dP and (•, •) denotes the inner product on Tit- 

Definition 2.4. We say that the Chern connection is well defined on hi if for every 1 < 
j < m, there exists a C-linear operator D t j : T(hi) —>• T(hi) such that (12.611 is true. 

Remark: By using Hamilton’s theorem (see [28]), in section 4 (see Proposition 14.11) . 
we shall prove that the Chern connection is well defined on hi if D satisfies A1 and the 
following assumption: 

A2: There is a smooth real valued function p on X such that for each t £ B, is 

strictly plurisubharmonic in a neighborhood of the closure (with respect to the topology on 
7r _1 (t)) of D t . Moreover, D t = {p < 0} fi7r” 1 (t) and the gradient of p\ n -i( t ) has no zero 
point on 8D t . 

Remark: In section 3.2, we shall prove that A1 and A2 together implies that every 
smooth vector field on the base B has a smooth lift on X that tangent to the boundary of 
D. Thus in this case, {Dt} is locally trivial as a smooth family. 

Definition 2.5. {D t } is said to be a smooth family of smoothly bounded Stein domains if 
D satisfies A1 and A2. 


Assume that D satisfies A1 and A2. Then we can define the curvature operators on hi 
as follows: 


(2.7) ®jk u := [Dti j d t k]u = D t jd t kU — d t kD t jU, Va£ T(%). 

2.3. Previous results. We shall give a short account of Berndtsson’s results on “geodesic” 
formula for 0^. Let us recall the following notions in his curvature formula. 

Geodesic curvature in the space of Kahler metrics: Let us denote by @(£, h) the 
curvature of (£, h). If we write h locally as then we have 

( 2 . 8 ) Q{£,h) = dd(l>. 

If D is a product, say D = Do x B, and 

(2.9) idd(f)\ DoX {t} >0, V t £ B, 


then {iddf>\f) oX ^t}} can be seen as a family of Kahler metrics on Dq. Assume further that 
m = 1. Then there exists a smooth function, say c(</>), such that 


( 2 . 10 ) 


( idd(f) n+1 
(n + 1)! 


c{(f) 


(iddcj)) 1 


n\ 


A idt A dt. 


By Proposition 3 in [20], if {iddcf\jj oX ^ t y} is S' 1 invariant then 


The path {iddcf |z> 0 x {t}} defines a geodesic in the space of Kahler metrics on Dq if and 
only if c(4>) = 0. 


In general, c( <f) is called the geodesic curvature in the space of Kahler metrics. The geo¬ 
desic curvature plays a crucial role on variation of Kahler metrics on projective manifolds; 
see wi m and [20], to cite just a few. Another way to look at the geodesic curvature is 
to use the notion of horizontal lift. 
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Horizontal lift: The notion of horizontal lift is introduced by Siu in [4E|- In [7], 
Berndtsson found that one may also define the notion of horizontal lift with respect to a 
relative Kahler form (a smooth d-closed (1, l)-form that is positive on each fibre). Let us 
recall his definition: 

Let tv be a relative Kahler form on X. A (1, 0)-vector field V on A! is said to be horizontal 
with respect to tv if (V , W) u = 0 for every (1,0 )-vector field W such that n *(W) = 0. Let v 
be a vector field on B. We call V a horizontal lift of v ifV is horizontal with respect to tv 
and ir*V =v. 

By Berndtsson’s formula (see page 3 in 0 ), if we write tv = iddcf) locally then for each 
1 < j < rri. d/dP has a unique horizontal lift, say V), as follows: 

(2.11) Vj = d/dP - J2 Pjv(f X d/dn x . 

Moreover, if m = 1 then 

( 2 - 12 ) ( Vl Wi) m = c(fi). 

By this formula, it is natural to define the notion of geodesic curvature for general base 
dimension m and general fibration n. 

Geodesic curvature of {h\L t }'- Let us assume that 

iQ(£,h)\o t >0, V t £ B, or Q(£,ti) = 0 on D , 

In case z0(£, h)\o t >0, V t £ B, let Vj 1 be the horizontal lift of the base vector fields d/dP 
with respect to iQ(C,h). We shall define the geodesic curvature of {h\i t } as: 

(2.13) Cj - k {h) := (Vj 1 , V£) ie{CM ] and Cj ~ k {h) := 0 if 0(T, h) = 0 on D. 

Another notion in Berndtsson’s curvature formula is the following: 

Remaining term in Hormander’s L 2 -estimate (product case): Assume that D = 
D 0 x B. Then the vector fields d/dP are well defined on X. Fix 

(2.14) Uj £ r (Li), 1 < j < m, (see Definition 12.111 . 

Let a be the L 2 -minimal solution of 

d\-)=c, 

where d denotes the Cauchy-Riemann operator on Dt = Do x {t} and 

(2.15) c := ^2(d/dPv @(C,h))\D t A Uj. 

Then we have the following remaining term in Hormander’s L 2 -estimate 

u ■- W c Wie(c,h)\ Dt ll a N • 

By Hormander’s theorem (see !3D1), if Do is pseudoconvex then R is non-negative. Thus in 
our case, R is always non-negative. Now we can state the following theorem of Berndtsson 
(see [3] and Theorem 1.1 in 0 ): 

Theorem 2.6. Assume that D = Do x B, where Do is a strongly pseudoconvex domain 
with smooth boundary. IfiQ(£,h) |z? 0 x{t} >0, V t £ B, then we have 

(2.16) ^(QfkUj.Uk) = J2(c fk (h) Uj ,u k ) + R, R> 0. 

If 0(£, h) = 0 on D then 

(2.17) 


£(©«,«*) = °- 
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Remark: (|2.16l) can be found in the proof of Theorem 1.1 in [3], (12.171) is a direct 
application of formula (2.4) in [4]. A special case of (12.161) for variation of the Bergman 
kernel is given in [3]. 

The counterpart of Theorem l2.6l for a proper Kahler hbration was given in [7] by Berndts- 
son. Let us recall the following notions in his formulae: 

Remaining term in Hormander’s £ 2 -estimate (Polarized fibration): Let 

(2.18) 7r :£>—)• B, 

be a proper holomorphic submersion. Assume that £ is a relatively ample line bundle on 
D, i.e. iQ(C, h)\D t >0, V t G B. By the Ohsawa-Takegoshi extension theorem (see [43] 
and my we know that the dimension of Tit '■= Kjo t + Lt) does not depend on t 

and our bundle H is just the holomorphic vector bundle associated to the zero-th direct 
image sheaf 7r*0(+ £). For each j, let Vj 1 be the horizontal lift of d/dP with respect 
to ?)©(£,/r). Let us denote by 

(2.19) k : T b ->• {H l {D t ,T Dt )} t&1 

the Kodaira-Spencer map associated to the holomorphic hbration n. By Theorem 5.4 in 
m , we know that each can be seen as a representative of the Kodaira-Spencer 

class n{d/dP). For each 1 < j < m, let Uj be a smooth section of T~L. Put 

6 = EW)i^“i- 

Let a be the L 2 -rninimal solution of 

d\-) = fyb, 

where d^ is the restriction of the (1, 0)-part of the Chern connection of £ on Dt . Then we 
have the following Hormander type-remaining term: 


Remaining term in Hormander’s £ 2 -estimate (Kahler fibration): In this case, let 
us assume that the total space of the proper holomorphic submersion n : D —> B possesses 
a Kahler form ui. Let £ be a flat line bundle over D, i.e. ©(£, h) = 0 on D. By Theorem 
8.1 in [4j, we know that ir*0(K D /^ + £) is locally free. Let H be the associated vector 
bundle. For each j. let Uj be a smooth section of Ti. Put 


where each is the horizontal lift of d/dt 3 with respect to the Kahler form uj. Consider 

d\a) = fyb, 

where a is the L 2 -minimal solution. Then the associated Hormander remaining term is 
Now we can state the following theorem of Berndtsson (see my- 


Theorem 2.7. Let ir : D —> B be a proper holomorphic submersion. Let (C,h) be a 
holomorphic line bundle over D. If £ is relatively ample then we have 

(2.20) = y~^ (c 7 -fc(fe)itj, Uk ) + R • 
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If C is flat then 

(2.21) ^(0^-,u fe ) = ir. 

Remark: If £ is trivial then (12.2111 is just Griffiths’ formula (see page 33 in [25]). In 
general, if the total space D is Kahler and there is a smooth Hermitian metric on £ with 
non-negative curvature then by Thereom 1.2 in [4], we know that 

J2( @ jk u j,u k ) > 0 . 


If the boundary of each fibre is non-empty then, in general, the boundary term should 
also appear in the curvature formula (see [39]). Our main result is a study of the curvature 
of P for fibrations with boundary. 

2.4. Basic notions for fibrations with boundary. Let D = {Dtft^m be a smooth 
family of smoothly bounded Stein domains (see Definition 12.51) . We shall define the notion 
of “geodesic curvature” of {dD t } by using the notion of horizontal lift with respect to the 
Levi-form on the boundary of D. Let p be the defining function in A2. We call an (1,0)- 
tangent vector field V on dD horizonal with respect to the Levi-form if 

(V »'}«„ = 0, on 90, 

for every (1,0)- tangent vector field W on dD such that 7r*(W) = 0. 

Remark: From the above definition, the notion of horizontal lift with respect to the 
Levi-form on the boundary is compatible with the usual notion of horizintal lift if we only 
consider the category of tangent vector fields on dD. Same as before, we shall also define 
the notion of geodesic curvature in the following sense: 

Definition 2.8. Assume that D satisfies A1 and A2 and for each j, d/dP has a horizontal 
lift to dD with respect to the Levi-form iddp on dD. Then we call 

(2.22) e f M ■■= (Vf, Vp iSSp , 

the geodesic curvature of {dD t }t ^b with respect to the Levi form iddp on dD. 

Now a natural question is whether each base vector field has a horizontal lift (with respect 
to the Levi-form) to dD or not. We have the following lemma: 

Lemma 2.9 (Key Lemma). Assume that D satisfies A1 and A2. Put 

(2.23) oj := idd{— log — p), 

where p is the defining function in A2. For each j, let Vj be the horizontal lift (on D) 
of d/dtf with respect to u. Then each Vj is smooth up to the boundary of D and Vj\gD 
is horizontal with respect to the Levi form iddp on dD. In particular, every smooth base 
vector field has a unique smooth horizontal lift with respect to the Levi form and the geodesic 
curvature Ojj.(p) is well defined on dD. 

As a generalization of Definition 1.2, we shall introduce the following definition: 

Definition 2.10. Assume that D satisfies A1 and A2. We call {Dt}t& o,n interpolation 
family in X if 6jj.(p) = 0 on dD. 
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Remaining term in Hormander’s L 2 -estimate (fibration with boundary): For 

each 1 < j < m, let Uj be a smooth section of R (see Definition 12.111 . Put 

(2.24) c = j @(C,h))\ Dt A uj, b = ^(dVj)\ Dt j uj, 

where each Vj is the vector field in Lemma 12.91 Let a be the L 2 -minimal solution of 

d\-) = dlb + c, 

in L 2 (D t ,K Dt + L t ). Put 

<■J ■= idd(— log —p)\ Dt - 

Then we shall define 

( 2 - 25 ) R := ll c IL 2 e(£,/i)| Di + IHI 2 *~ ll a ll 2 o 

if i®(C,h)\f) t > 0; and define 

R --=\\b\\lt-\\a\\l t , 

if Q(C, h ) = 0. We shall show in Theorem 17.31 that R is always non-negative. 

2.5. Main theorem. 

Theorem 2.11. Assume that D satisfies A1 and A2. If 

(2.26) i®(£, h)\n t >0, V t € B, or 0(£, h) = 0 on D, 

then, using the above notation, see (12.711 . (12. 13|i . (12.221) . (|2.25[) . we have the following 
curvature formula ofR: 

(2.27) = Qjk{p)(uj,uk)da + ^(cf^Uj, u k ) + R, 

where (■,•) denotes the point-wise inner product with respect to iddp\D t and h, and the 
surface measure da with respect to iddp\o t is defined as 

da , = E P\P Xu d/dp u ^ (iddp\ Dt ) n 

Y.PxP^Pv J n '- 

2.6. Applications. 

We shall show how to use our main theorem to study the complex geometry counterparts 
of Theorem 1.4. Let us give some positive-curvature criterion of R first. Recall that, TL is 
said to be semi-positive in the sense of Nakano if E(@jA4b') u k) > 0, for all smooth sections 
«!,■■■ , u m of H. As a direct consequence of our main theorem, we shall prove that: 

Corollary 2.12. Assume that D satisfies Al and A2. If D is Stein and i®(C,h) > 0 on 
D then R is semi-positive in the sense of Nakano. 

Another very useful notion of positivity is the Griffiths positivity. Recall that R is said 
to be Griffiths semi-positive if 'f2(@jk u , u )tij£,k > 0, for every smooth section u of R and 
every £ £ C m . It is known that a finite rank vector bundle is Griffiths semi-positive if and 
only if its dual bundle is Griffiths semi-negative. Moreover, the following is true: 

Criterion for Griffiths semi-positivity: A finite rank vector bundle is Griffiths semi¬ 
positive if and only if the log-norm of the holomorphic sections of its dual bundle are 
plurisubharmonic. 
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Then a natural question is whether there is a similar criterion in our case, i.e. for 
the infinite rank vector bundle FL. As a first step, we have to define the notion of the 
holomorphic section of the dual ofFL. 

Definition 2.13. For each t £ B, let f l be a C-linear mapping from Fit to C. We call 
f : t eA /* a smooth section of the dual of FL if there exists a smooth section, say P(f), of 
FL such that 

(2.28) f t (u t ) = (u t ,P(f) t ), 

for every uf € Fit and every t £ B. We shall write the norm of f l as H/^l := ||P(/)*||. 

Definition 2.14. Let f : t i—» /* be a smooth section of the dual of FL. We call f a 
holomorphic section if 

(2.29) t ha- /*(«*) 

is holomorphic for every holomorphic section u of FL. 

Remark: Inspired by [14] . we shall give a careful study of those holomorphic sections 
of the dual of FL defined by a family currents with compact support in fibres. 

Now we are ready to state the main application of our main theorem: 

Corollary 2.15. Assume that D satisfies A1 and A2. If D is Stein and iQ(C, h) > 0 on 
D then 

(2.30) log Il/H :t^log||/ t || 

is plurisubharmonic for every holomorphic section f of the dual ofFL. 

Remark: If we choose f L as a fixed Dirac measure then we get the plurisubharmonicity 
of the Bergman kernel [3]. In section 5, we shall also use Corollary 12.151 to study variation 
of the deriatives of the Bergman kernel. 

Triviality and flatness: In case every fibre Dt is compact without boundary, we know 
that the criterions for flatness of FL are quite usefull in the study of the uniqueness problems 
of extremal Kahler metrics (see [5] and EH!)- In our case, we call FL a flat bundle if 

(2.31) @ jk u = 0, V 1 < j, k < m. 

for every smooth section u of FL. From Theorem 1.4, one may guess that flatness of FL 
should be related to triviality of the fibration n. Let us introduce the following definition 
as a generalization of Definition 1.3. 

Definition 2.16. Assume that D satisfies A1 and A2. We call {D t }te b a trivial family, 
or D is trivial, if there exists a biholomorphic mapping 4> : Dq x B — :> D such that 

(2.32) <f>(D 0 x {t}) = D t , V t £ B, 

and <3?*(<9 /dt 3 ) extends to a smooth (1,0) -vector field on X for every 1 < j < m. 

The following theorem can be seen as a generalization of Proposition 1.5: 

Theorem 2.17. Assume that D satisfies A1 and A2. Assume further that the total space 
D is Stein. If K x /^ + £ is trivial on each fibre of it and @(£,h) = 0 on D then flatness of 
FL and triviality of D are equivalent. 


As a direct corollary of Theorem 12.171 we have 
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Corollary 2.18. Let Dq be a smooth domain in C. Let 

(2.33) F : (■ t , z) i-A (t, z + a(t)z) 

be a mapping from B x Dq to B x C. Assume that a is holomorphic on B and 

(2.34) |a| < 1, on B, a(0) = 0. 

Then {F({t} x Ho)}«eB is a trivial family if and only if a = 0 on B. 

Remark: One may also give a direct proof of Corollary [208] by introducing the notion of 
Kodaira-Spencer class for deformations with boundary, we leave it to the interested reader. 

3. Geodesic curvature and interpolation family 

In this section, we shall give two proofs of Lemma 12.91 and show that our Definition of 
interpolation family (see Definition 12.1011 is compatible with the usual definition of inter¬ 
polation family of Hermitian norms on C n for n > 1. 

Relation with Levi-flatness: By the definition of the geodesic curvature O^fp) (see 
Definition 12.811 of {dDt}, we have: 

Assume that every fibre Dt is one dimensional. Then {Dt} is an interpolation family if 
and only if the boundary of D is Levi flat. 

For higher fibre dimension case, the criterion for interpolation family (see }45| and refer¬ 
ences therein) is not so obvious. We will give a study of it in section 3.3. Let us prove our 
Key Lemma first. 

3.1. First proof of Lemma 12.91 

Since V) is a lift of d/dP, locally one may write, 

(3.1) Vj = d/dP - Y v x d/dp x . 

Put if = — log —p. By definition, we know that each Vj is determined by 

{Vj^d/dpf)^ = 0, on D, V 1 < v < n, 

thus 

(3.2) v x = yon D. 

Fibre dimension one case: If n = 1, by direct computation, we have 

,o^ ta ._ 0 PiPP ~ PPm 0 

> dP | ptf-pp^dp 

By our assumption A2, p^ has no zero point near the boundary and p^ > 0 near the 
boundary, thus Vj is smooth up to the boundary of D. Furthermore, (13.31) implies that 
Vj(p) = 0 on {p = 0}. Notice that, in case n = 1, every tangent vector held on dD is 
horizontal with respect to the Levi-form on dD. Thus we know that if n = 1 then Vj \qd is 
the horizontal lift of d/dP with respect to the Levi-form. 

General case: The general case can also be proved by direct computation (see the 
second proof below). But there is also a simple proof as follows: If n > 2, fix xq £ PDq, 
then by our assumption A2, (pw)(xq) is a positive definite matrix, thus one may choose 
local coordinates around xq such that 

{P\d{xq)) = I n , Pu(x 0 ) = 0, V v > 2, 
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where I n is the identity matrix. Now we have 

v]{x o) = P \ Pl n PPjl (x 0 ) = —(x’o), Vj(x 0 ) = Pjx(x 0 ), V A > 2. 

\Pi\ ~ P Pi 

By assumption A2, we know that Pi(xq) ^ 0, thus Vj is smooth up to the boundary and 
Vj(,p)(x o) = Pj(x 0 ) ~^2 v jpx(x 0 ) = Pj(x 0 ) - pj(x 0 ) = 0. 

Moreover, we have 

{Vj,d/dp x ) id Q p (x 0 ) = Pj- X (x 0 ) - v x (x 0 ) = 0, V A > 2, 
which implies that each Vj is horizontal with respect to the Levi form. The proof is complete. 


3.2. Second proof of Lemma 12.91 


In this subsection, we will give an explicit formula for each Vj. Here we shall use some 
computations from m ■ Put 

P a = J2p pa p-0’ \d P \ 2 = J2\p<*\ 2 - 

By (13.111 and (|3.2D . we have 


(3.4) 


Vj = d/dV — '^2'i/jjp'ip uX d/dp x , 


where ip = — log —p. One may verify that (see ED 


(3.5) ^ = ( - p) (^ + _Lg_). 

By direct computation, we have 


(3.6) 


= 


p^pj 


P~ \dp \ 2 


E 


P^Pja + 


P^pPpja \ 

p-\d P \ 2 J ' 


From (13.61) . we know that each Vj is smooth up to the boundary of D and is tangent to 
the boundary of D. By a direct computation, we also have that each Vj is horizontal with 
respect to the Levi-form of the boundary of D. Thus the proof of Lemma 12.91 is complete. 


3.3. Geodesic curvature for {dD t }. 

Denote by Vj the horizontal lift of djdV with respect to iddp. By the proof of (|3.2I) . we 
have 

(3 - 7) 

By (13.411 and (13.61) and a direct computation, we get 

( 3 - 8 ) 9jk(p) - ( V ji V k)iddp - C jk\P ) H (p_|5p|2)2 ’ 

where 

( 3 - 9 ) C jk(p) := (VjiVk)iQQ p - 

Thus we have: 
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Proposition 3.1. Let {D t } be a smooth family of smoothly bounded Stein domains. Then 

( 3 . 10 ) E OfM?? a E s-iMe 3 '?. v e € c m . 

on dD. Moreover, dj k (p) = c jk(p) tf an ^ only if each Vj is tangent to the boundary of D. 

3.4. Relation with interpolation of norms. 

Let h be a smooth Hermitian norm on the trivial vector bundle B x C n . Then for each 
t € B, h 4 := h\txC n defines a Hermitian norm on C n . It is known that {h 4 } defines an 
interpolation family if and only if the curvature of h vanishes identically on B (see Semmes 
05]). Denote by Nt the unit ball in C n defined by hf. We shall prove that: 

Proposition 3.2. {/i 4 } defines an interpolation family if and only if the geodesic curvature 
of {dN t } vanishes identically. 

Proof. Let us write 

ht ( z ) = 

By definition, 

p(t,z) := h\z) - 1 

is a defining function for {<9W}- By direct computation, we have that Vj(p) vanishes 
identically. Thus by Proposition 13.11 the geodesic curvature, Oj k (p), of is equal to 

cfk(p)- B y (ESKi 

(3-11) c jk(p) = ( VjiVk)iddp = Pjk ~ ^^PjaP ^Pkfil 

thus we have 

( 3 -!2) 9 fk (p) = ^ ( h a8.jk ~ K\,j hXv Kp,kj z ° zfi - 

Thus Oj^p) vanishes identically if and only if 

(3.13) h a p )fk - Y Kx j hXv Kp,k = 0> on ®- 

Notice that (13. 13|) is equivalent to that the curvature of h vanishes identically. The proof 
is complete. □ 

4. Curvature formula 

4.1. Definition of the Chern connection. 

By Definition 12.41 it suffices to find a linear operator D t j from T(fH) to T (P) such that 

(4.1) d tj (u,v) = ( Dpu,v ) + (u,d tj v), V u, v € T(H), 
is true. By Definition 12.21 the left hand side of (14.11) can be written as 

(4.2) dy(7T*(c n {u,v})), 

where u, v are arbitrary representatives (see Definition 12. 2 p of u, v and c n = i n2 such that 
c n {u, u} is a positive (n, n)-form on the total space. 

Assume that D satisfies A1 and A2. Let Vj be the vector fields in Lemma 12.91 Since 
Vj(p) = 0 on dD, by Corollary 17.21 we have 

(4.3) dp (-7T*{u, v}) = 7T*(Ly i {u, v}). 

Let d c be the Chern connection on C. Then we have 

d{ u, v} = {d c u, v} + (-l) n {u, d c v}. 
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Using Cartan’s formula, 

we get that 

where 


Ly. = d8y. + 5y j d, 

L Vj {u, v} = {Lj u, v} + {u, Ljv}, 
Lj := d C 6 Vj + 5 


and 

Lj := d c 5y. + 5y.d c . 

Since v is an (n, 0)-form, we have 

(4.4) L~jW = dy.dv, 

By (12.51) . we know that L^v is a representative of d p v. Thus we have 

(4.5) dp{u,v) = Tr*(cn{LjU, v}) + (u,dpv), V u,v € T(?7). 

Notice that the (n, 0)-part of Lj u can be written as 

(4.6) (d^S Vj + Svjd^u, 
where dj, denotes the (1,0)-component of d Thus we have 

7 r *(c n {LjU,v})(t) = (itid^dy^ +Sy j d (j> ) u,^) . 

Our assumption A2 implies that 

(4.7) {d‘:d£ r (U)}. 

is dense in the Hilbert space Lit (see the proof of Lemma f4.7l below). Thus there is a unique 
element, say cr 4 , in Lit such that 


(4.8) {i* t (djSvj + Svjd'j,) u.v*) = (cr*,^), 
which implies that there is a unique element, a 1 , in Lit such that 

(4.9) dp{u,v ) = (< T t ,v t ) + (u,dpv), V u,v G T('H). 

Thus by Definition 12.41 we know that: Li has a Chern connection if and only if 

a : t —>• er £ . 


defines a smooth section of Li, i.e. 

a G T(W). 

By ( 14 . 81 ) . cr* is the Bergman projection to 77 * of ^((d^dyj + Sy d^n). Thus by Hamilton’s 
theorem (see [271, m, m or Appendix 17 . 21 ) . if {Dt} is a smooth family of smoothly 
bounded Stein domains then a £ T(LL) and 

(4.10) Dpu = a. 

Thus we have: 

Proposition 4.1. If D satisfies A1 and A2 then the Chern connection is well defined on 

Li. 


Now we are ready to compute the curvature of the Chern connection of Li. First we shall 
show how to get a curvature formula for holomorphic sections of Li. 
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4.2. Curvature formula for holomorphic sections. 

Let ,u m be holomorphic sections (see Definition 12.31) of H. By definition of the 

Chern connection and (12.71) . we have 

(4.11) (QjfrUjjUk) = (DpUj , D t ku k ) - (uj,u k )f k . 

By (BSD, we have 

(4.12) (uj,u k ) jk = d t kTr*(c n {Lj\i j , u/j}) = n^CniLjUj^kUk}) + ■K i ,(c n {L- k L j \i j: \i k }). 
Since each Uj is a holomorphic section, we have i*(L k uj) = ( d t kUj)(t ) = 0. Thus 

(4.13) n*{LjL k Uj,u k } = d tj Tr*{Lj l u j , u fc } - Tr*{L k Uj, Lju k } = 0, 
which implies that 

(4.14) (uj,u k ) jk = ir^CniLjUj^kUk}) - 'n^(c n {[L j ,L k \u j ,n k }). 

We shall use the following formula: 

Proposition 4.2. [Lj,L k ] = d c 6^ v . v fc ] + 6 [Vj,v k ] dC + ( v P v k) iQ(C,h) ■ 

Proof. By definition, locally we have 


Lj — Lvj — Vj(4>), L k — L Vk . 


Thus 

[Lj,L k ] = [Lvj,Lv k ] ~ [ y j(<f),Lv k \ = L [Vjy k ] + y kVj(4>)- 

By Cartan’s formula, we have 

L [Vj,V k ] = dC5 [Vj,Vk] + 5 [Vj,v k \ dC + 


Thus 

[ L j> L k] ~ (^[17,14] + d [Vj,v k ] dC ^) = ^[Vj.Vfc]^ + WM). 

By direct computation, we have 

(4-15) Sy.yjdt + VkVM = (V v V k ) ie{ c,hy 

Thus this proposition follows. 

Now we can prove the following: 

Lemma 4.3. If z@(£, h)\n t > 0, V i G B, then 

(Lie) '£2Tr*(c n {[L j ,L k }u j ,u k }) = ||c||. e(A ^| Dt + B + s ^ j (c jk (h)u j ,u k ), 
where c is defined by (12.241) and B is the boundary term defined by 



®jk(p) {uj,u k )da 


□ 


If i&(C, h) = 0 on D then 
(4.17) 


'Y^'K*(Cn{[Lj,Ljf\Uj,U k }) = B. 
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Proof. By the above proposition, we have 

(4.18) *(Cn{[ L j, L k\Uj, Ufc}) = ^2 Cn {5 [v . y k ]Uj , U k } + /, 
where 

(4.19) I ■-^ j {{V j ,V k ) i e{c, h )U j ,u k ). 

Now the boundary term can be written as 

{ S [V,.y k ] u ^ u k} = J2 (■ S [Vi,V k ] d P)( u j’ U k)d<J. 

JdD t JdD t 

We shall prove 8^y y^dp = d^(p) on dD. In fact, by (14.151) . we have 

y.vyp+y^p) = 

and by our key lemma, Vj\go = V?, thus VkVj(p) = 0 on dD and 

S [Vj,v k ] d P - 6 fk(P ')> on dD - 

Thus 

(4.20) B = ^2c n {S[ Vj ,v k }UjiU k }- 

JdDt 

and (14.181) implies (14.171) . Now let us prove (14.161) : By (12.131) . we have 

(Vj,v k ) ie{CA) = c fk (h) + (Vj - vj 1 , - vt) ie{ c, h) \ Dt • 

Since 

(Vj - Vj 1 ) a mC,h)\ Dt ) = ((V- vj 1 ) a i@(C,h))\ Dt = (Va iQ(C,h))\ Dt , 

by (12.241) . we have 

( 4 - 21 ) 1 = ^( c jk( h ) u ji u k) + ll c IL 2 0(£,/i)| Dt - 

Thus (I4.16P follows. 

By (14.111) and (14.141) . we have 

(4.22) (QjiUj^Uk) = ir^CnilLj, L k ]u.j,u k }) + (DpUj, D tk u k ) - 'K*(c n {L j Uj, L k u k }). 
Let a J be the (n, 0)-part of i*(LjUj) and bJ be the (n — 1, l)-part of i*(LjUj), i.e. 

a j = il(d^8 V j + Svjd^Uj = il[d^, Sy^nj, 

and 

V = V t {d5 Vj + 5 v fd)uj = (dVj)\ Dt j uj. 

Then we have 

(4.23) || ^2 D v u i II 2 ~'^2 7r *( c n{LjU j ,L k Ufc}) = —||a|| 2 - 7r*(c n {&, &}), 
where b is defined in ()2.24|) and 

a = ^2(( D toUj)(t) - a J ). 

We shall prove that: 
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Proposition 4.4. a is the L 2 -minimal solution of 

(4.24) d\a) = d^b + c, 
where b and c are defined in (12.2411 . 

Proof. Since i*(d\ij) = 0 and = 0, we have 

(4.25) If 1 a? + d\tf = i* t (3[3^, S Vj } + 3^3, S Vj ])uj = i* t ([d, [3 0 , S Vj }] + [3 0 , [9, S Vj ]))uj. 
Since 

(4.26) [3, [dtp, 5 V .]] + [df, [3, 5 Vj }} + [5 Vj , [3, dp,]] = 0, 
and [3,3^] = Q(C,h), we get that 

(4.27) 3V + d\V = -(Vj j ©(£, /i))|p t A Uj -. 

Recall that by (14.101) . each D t jUj is just the Bergman projection to Pit of a J . Thus this 
proposition follows from (14.271) . □ 

By Lemma 14.31 (14.22(1 and (14.231) . we have 

(4.28) ^(QfkUj^k) = Qjk{p)( Uj ,Uk)da + J2( c jk( h ) u P u k) + R '> 

where 

R = W c \\ 2 ie{c,h)\ Dt ~ 7r *( c n{b, b }) — ||a|| 2 . 

Now let us prove that R' = R. It is enough to prove that 

-7r*(c n {M}) = ||&||f,*- 

But it follows directly from the following lemma: 

Lemma 4.5. b is primitive with respect to u t := idd(— log — p)\D t - 
Proof. Recall that 

b = ^(3K,)| Dt j Uj. 

Since b is an (n — 1, l)-form, by definition of primitivity, it suffices to show that 

oj 1 A b = 0, on D t . 

Thus it is enough to prove that 

(4.29) {(dVj) j i33(— log -p))\D t =0, VI < j < m. 

By definition of Vj in our Key-Lemma, (Vj j z 33(— log —p))\D t = 0- Thus (14.291) is true. □ 

Remark: Now we know that Theorem 12. Ill is true if each Uj is a holomorphic section 
of PI. For finite rank vector bundles, the curvature operators are always pointwise defined, 
thus it is enough to find a curvature formula for holomorphic sections in finite rank case. 
One may guess that the same argument also works for the general infinite rank vector 
bundle. In the next subsection, we shall prove that at least the curvature operators for 
our bundle PL are pointwise defined. Thus we know that (14.281) is also true for general 
smooth sections of PL. 
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4.3. Curvature formula for general sections. 

By the above remark, we need to prove that the curvature operators 0 on PL are 
pointwise defined. We shall use the following two lemmas. 

Lemma 4.6. (Q- k u,v) = (u,Q k jv), V u, v £ r (PL). 

Proof. By (12.61) . we have 

(u,v) kj =d t k({D tj u,v)+(u,d t jv)) = (' d t kD tj u,v)+(Dpu,D t kv)+(d t kU,d t 3 v)+(u,D t kdpV ). 
On the other hand, 

(u,v)jk = dp((d t kU,v)+(u,D t kv)) = (D t jd t kU,v)+(D tj u,D t kv)+(d t kU,dpv)+(u,dpD t kv). 

Since (u,v) k j = (■ u,v)j k , the lemma follows by comparing the difference of the above two 
equality. □ 


Lemma 4.7. Assume that D satisfies A1 and A2. Fix u £ r (PL) and to £ B. Then u\u t 
can be approximated by holomorphic sections of PL in the following sense: 

For every 0 < s < 1, there exists a holomorphic section u^ of PL over an open neighbor¬ 
hood (may depend on s) of to such that 

(4.30) (rj,s) u^\ Dto (ri), 0 < a < 1, ( 77 ,0) u\ DtQ ( 77 ), 

is smooth up to the boundary of D to x [0,1). 


Proof. Fix a sufficiently small e > 0 and consider 

D s tQ := {C £ 7r -1 (f 0 ) : p{to,C) < es}- 

Let us define u^ as the Bergman projection to the space of L 2 -holomorphic forms on Df 0 
of u\d* . By Siu’s theorem [47] , for every 0 < s < 1, Df Q has a Stein neighborhood in 

X. Thus by Cartan’s theorem, every u^ extends to a holomorphic section (also denoted 
by u^) of PL over an open neighborhood of to. The regularity properties of follows 

directly from Hamilton’s theorem (see Appendix 17.21) . □ 


Now let us finish the proof of Theorem 12.111 By the above two lemmas, for every 
Uj £ T(PL), 1 < j < 777 ., to £ B, we have 

(@ jk Uj,u k )(t 0 ) = lim(0jfc«j,«fc Sl) )(*o) = lim ■(u j ,e k ju^ l) )(t 0 ) 

J si— J Si— 

= lim lim (v?f 2 \ 0 fc -ul si ^)(t o ) = lim lim (0 j k uf 2 \ u^)(to) 

SI—S2—l0 V 3 3 k ' SI—lO S2 — 3 3 K 

= lim(©^uj s) ,4 s) )(^ 0 )- 


where are holomorphic sections of PL defined in Lemma 14.71 By our curvature formula 
for holomorphic sections, we have 




u 


{s) ) = [ 9 jk(p)( u< j s) ’ u k s) ) d(T +^2( c jk( h ) u< f\ u k ] ) + ^( s )> 

JdDt 


where 


R {s) = \\c(s)\\> e{CA)lDt 


+ 


- ||o(s) 


Since a(s), b(s) and c(s) only depend on iij^ \o tQ , by Lemma [4.71 let s —» 0, we know 
that (|2.27l) is true at to- Since to is an arbitrary point in B, the proof of Theorem 12.111 is 
complete. 
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4.4. Proof of Corollary 12.121 

For any fixed to £ B, one may choose a sufficiently large positive constant A such that 
p + A\t\ 2 is strictly plurisubharmonic in a neighborhood of the closure of Uri7r -1 ([/), where 
U is a small neighborhhod of to- Now for every e > 0, 

h £ ■= he-< p+A I*' 2 ), 

defines a smooth Hermitian metric on C, with positive curvature on a neighborhood of the 
closure of D fl 7r _1 (C/). Denote by TP the associatied family of Hilbert spaces with respect 
to h £ . Denote by the assocaited curvature operator on H £ . Since the total space D is 
Stein, we know that 9j k is semi-positive. By the construction of h £ , we know that Cf k (h £ ) 
is positive on D fl 7 r _1 (f7). Thus our main theorem implies that TP is Nakano positive on 
U. By Hamilton’s theorem, we have 

= lim^2(@ £ jJc Uj,u k )(t 0 ) >0, V u,v € T(H). 

Thus T-L is Nakano semi-positive at to- Since to is an arbitrary point in B, we know that 'H 
is Nakano semi-positive. 


5. Curvature of the dual family 


In this section, we shall prove our main application Corollary 12.151 As a direct applica¬ 
tion, we shall give a plurisubharmonicity property of the derivatives of the Bergman kernel, 
which can be seen as a generalization of Theorem C. In the last part of this section, based 
on a remarkable idea of Berndtsson and Lempert mi, we shall show how to use Corollary 
12.151 to study plurisubharmonicity properties of the Bergman projection of currents with 
compact support. 


5.1. Proof of Corollary 12.151 

Let / be a holomorphic section of the dual of 7i. By Definition 12.131 we know that there 
is a smooth section, say P(f), of H, such that 

(5.1) f\u t ) = (u t ,P(f) t ), 

for every u l E %t- Moreover, by Definition 12.141 we know that 

(5.2) f(u) :t^ /*(u*), 

is a holomorphic function of t if u is a holomorphic section of T~L. Thus we have 

(5.3) 0 = d t jf(u) = (u,D tJ P(f)), 

for every holomorphic section u of T~L. By Lemma 14.71 we know that 
(5-4) D tJ P(f) = 0, 

which implies that 

(5.5) d p d tk (\\P(f)\\ 2 ) = (d tk P(f),d tJ P(f)) + (@ fk P(f),P(f)). 

By Corollary 12.121 we have 

'£,{Q j - k (t j p{f)u k p(f))> o. 

for every £ € C m . Thus we have 

^3„9, J (log||P(/)|| 2 )£ j & > IIE |^ ( 2 /)I12 - l(P(/> j E ()( ) |‘|f (/))|2 . 
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on 

(5.6) U f :={teM: \\P(fY\\ >0}. 

By Schwartz inequality, we have *22 dqdp (log ||-P(/)|| 2 )£j6c > 0 on Uf. Notice that 

(5-7) ||P(/)||:f^||P(/)*|MI/*ll 

is a smooth function on B. Thus log||P(/)|| = log||/|| is plurisubharmonic on B. The 
proof is complete. 

5.2. Variation of the derivatives of the Bergman kernel. 

For simplicity purposes, we shall only consider the following case: 

Pseudoconvex family in C n : In this case, X is C n x B and ir is just the natural 
projection to B. Assume that D satisfies A1 and A2. One may look at D = {Dt}t &b as a 
smooth family of smoothly bounded strongly pseudoconvex domains in C n . Moreover, we 
shall assume that L is a trivial line bundle over X with Hermitian metric h = 

Variation formula of the derivatives of the Bergman kernel: Fix q £ Dq, replace 
B by a smaller ball if necessary, one may assume that 

(5.8) q € D t , V t £ B. 

Let us consider 

D a q : f i—>■ f a (q) := (v), V / = f(q)dq £ H t , 

where a £ N n , \a\ := au + ■ • • + a n and dq is short for dq 1 A • • • A dq n . By Definition 12.141 
we know that every D a q defines a holomorphic section of the dual of 'H. Put 

■ a q := P(D a q). 

i.e., - a q is the unique smooth section of T~i such that 

(5.9) (f,-av) = fa(v) V / £ Ht- 

Let K t ((,q)dC ® dq be the Bergman reproducing kernel of ' Ht■ Then 115.91) implies that 

(5.10) -o?? = K t (q,q)dq , (-pq,- a () = (-pq)a(O = (aC)p(q) = Kt a p((,v), 
where 

Til =- (C Til 

D ... (d( n ) ari (dq 1 )^ 1 ■ ■ • (dq n Y « /J ' 

By (15.41) . we have 

(5.H) K jkap( C>*7) = dpd t k(-pq,- a C) = OaOj) + (QjkOp 7 ?), a()- 

By (12.271) . we have 

(5.12) (&fk(-pv),-aC) = [ d jT .(p)(-qq,- a Qda + (c j - k (h)-qq ra Q + R, 

JdD t 

where 

(5-13) R = \ Dt + (b,b') w * - ( 0 , 0 %*, 

if idd(j)\D t > 0, and 

R = (b,b')ujt ~ (a,a%t, 
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if iddcp = 0. Here 


= idd{— log —p)|o t , 

and ( a,b,c ) (resp. (a',b',c')) are forms associated to •pp (resp. - a Cf) respectively. Moreover, 

<9 *a = d^b + c, d t a = d^b' + d. 

Remark: Theorem 17.31 implies that R is non-negative as a Hermitian form. Later we 
shall give an explicit expression of the Hormander remaining term R in case iddcp = 0. 
(thus c = c' = 0). 

Hormander remaining term for flat weight: Let us assume that iddcp = 0. By 

definition, then we have c = c' = 0. Put 

( 5 . 14 ) □' = di(dir + (d$)% 

We shall prove that: 

Lemma 5.1. If iddcp = 0 on D then 

(5.15) R = (Mb,Mb') u t, 
where H6 denotes the □'-harmonic part of b. 

Proof. Since iddcp = 0 and oj t is complete Kahler, we know that the d-Laplace □ // is equal 
to Denote by G the associated Green operator. Let us omit u/ in (•, -) u t, then we have 


a,a') = ((d t yGd t 4> b,a') = (Gd t 4 ,b,dlb'). 


-prt 


Since b is primitive and d -closed, we know that b is (5^)*-closed. Thus b can be written as 


Now 


Thus 


b = Mb+(dl)*f, d\f = 0. 

(a,a') = (Gd\(d\Tf,d\b ') = (/,<9*6') = (b-Wb,b') = ( 6,6 ') - (Mb,Mb'). 
R= (6,6') _ ( a , a') = (M6, M6')- 


□ 


Recall that 

(5.16) b = (dVjPlD, J (-pn), b' = (dV k )\ Dt a (. a C). 

Thus Lemma 15. II implies that: 

Theorem 5.2 (Variation Formula of the Bergman Kernel). The first order variation for¬ 
mula of the Bergman kernel can be written as 

(5-17) K l a s(Cv) = i n2 [ hlpT'aC} ~i n2 [ fyi-Wat}, 

J Dt JdD t 

Moreover, if iddcp = 0 on D then 

(5.18) K]- ka - p {C, V ) = ((-^) s , (-aC)j) + [ 0f k (p)hri , -aOdcr + (Mb,Mb'), 

JdDt 

where b = (dVj)\ Dt j (-pj ?), b' = (dV k )\ Dt j (- Q C). 
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Proof. Notice that (I5.18|) is a direct consequence of Lemma 15.11 Thus it suffices to prove 
(15.171) . Notice that (14.3j) implies that 

K l a p(Cv)=i n2 J D LfawaC}. 

By Cartan’s formula 

Ly. = i*(d5vj + Svjd), 

thus we have 

K hj(C.l) = J % U», -aC} + j -„C}. 

By the reproducing formula, 

i” 2 Id ^{tw.-«C} = 2*^(0 Mw ■<.<}, 

which implies (15.171) . □ 

Remark: If a = ft = 0 and cf> = 0 then (15.171) is Komatsu’s formula (see pH])- Recently, 
Berndtsson m showed that (|5.17j) can be used to study the comparison principle for 
Bergman kernels. In fact, if D is a product then (I5.17P is just (2.2) in [T2] . 

5.3. Variation of the Bergman projection of currents. 

In the last section, we discussed the plurisubharmonicity properties of the Bergman 
projection of the derivatives of the Dirac measure. Recently, it is known that the plurisub¬ 
harmonicity properties of the Bergman projection of other kind of currents are also very 
useful (see [HD- In this subsection, we shall show how to use Corollary 12.151 to study 
variation of the Bergman projection of general currents with compact support. 

Smooth family of currents with compact support: Denote by At the space of 
smooth sections of Ku t + L t over D t . Put 

A = {At}t& B- 

We shall introduce the notion of the dual of A by using the language of currents. Denote by 
A' t the dual space of A t , that is the space of L* -valued degree (0, n)-currents with compact 
support in Dt. Fix /* £ A’ tl we shall formally write 

/V) = [ /‘A A t , 

J D t 

even though the (n, n)-current /* A vf may not be integrable in general. Put 

A! = {A' t }t<z b- 

Denote by Supp/ f the support of f l . Denote by K x / b the relative canonical line bundle 
associated to vr, recall that 

(5-19) K X / B := K x - 7T*/\b, K x / M \ Dt ~ K Dt . 

We shall introduce the following definiton: 
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Definition 5.3. We call f : t —> /* G A' t a smooth family of currents with compact support 

If 

(5.20) U Supp f <s D, V K <e B, 

t&K 

and for every smooth section n of {K x / b + C) Kl {K x / b + £*) over 

X x n X := {(x,y) £ X X X : ir(x) = ir (y)}, 
there exists a smooth section, say Uf^ K , of K x /b + hi* over X such that 

(5.21) / W)) = «/,>*)> V u € C°°(A, + £),«€ B. 

Remark: Let us explain the meaning of (15.211) . The right hand side is clear, that is 



For the left hand side, by our assumption Al, the restriction of n to the closure of D is 
proper, thus we know that 

K t (v t )\ x i-A / k*(.t, •) A u*(-), V x G 7r _1 (t), 

JDt 

defines a section in Af . Thus / 4 (k 4 (u 4 )) is well defined. Hence (15.211) means that the current 
defined by f(tz) is smooth up to the boundary of D. 

Bergman projection of smooth family of currents with compact support: We 

shall prove the following proposition: 

Proposition 5.4. Assume that D satisfies Al and A2. Let f : t —>• /* G A' t be a smooth 
family of currents with compact support. Then 

(5.22) f : u 4 ^ /V), Va ( 6 H t , 

defines a smooth section of the dual of Ti in the sense of Definiton \2.13l 

Proof. (15.201) implies that there exists a smooth real function, say y, on D such that 

X = 1 on |J Supp/ 4 , Supp(y| Dt ) <s D tl V i G B. 
te B 

Denote by K l the Bergman kernel of TLf Put 

X K ■ (x,y) i-A- x{x)K rr( ' x \x,y), V (x,y) G D x n D. 

By Hamilton’s theorem (see Appendix 17.21) . assumptions Al and A2 imply that \K is 
smooth up to the boundary, i.e., it extends to a smooth section of (K x / M + C)^(K x / v> + £*) 
over X x n X. By the reproducing property of K 4 , we have 

(x*0V) = (xvY, v u € T(H). 

Thus by (I5.2ip . we have 

(5.23) /V) = f\(xvY) = / 4 (( X 10V)) = u% xR -(u 4 ) = [ u% xK A v\ V u 4 G U t . 

JD t 

Let us write 

u) >xK Av t = i n2 {v\ P(/) 4 }, Yu 4 G C°°(D t , K Dt + L t ). 
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Thus we have 

(5.24) A( X K)V)) = (v\P(fn V»‘6 C°°(D t ,K Dt +L t ). 

Since = 0, we have P(/)* € Ht- Thus P(/) G T("%), and by (15.231) . we have 

(5.25) f t (v t )) = (v t ,P(f) t ), Vuer(P). 

By Definition 12.131 we know that / defines a smooth section of the dual of H. □ 

Remark By Lemma 14.71 if D satisfies A1 and A2 then 'Hi is equal to the closure of 
{u b € Ht ■ u G T(P)}. Thus (I5.25p implies that 

(5.26) \\P(f)\\Ht) = sup{|/*(u)| 2 :ueH t , i n * [ {u,u} = 1}. 

JD t 

By this extremal property, one may generalize Corollary 12.151 to the case that the metric h 
on C is singular. 


6. Triviality and flatness 

In this section, we shall prove Theorem 12. 171 and use it to study triviality of holomorphic 
motions. 


6.1. Proof of Theorem 12.171 

Triviality implies flatness: By definition, if D is trivial then one may assume that 
the vector fields d/dP are well defined on D, tangent to the boundary of D and can be 
extended to smooth vector fields on X. Thus we have 


(6.1) Of k (p) = °, 

on dD. Moreover, in this case 6 = 0. If 0(£, h) = 0 then we also have c = 0. Thus a = 0 
and R = 0. By our main theorem, we know that H is flat. 

Flatness implies triviality: By Theorem 12.111 and our assumption, we have 
^2(®jkUji u k) = J2 j dD e fk(p)( u H u k)da + R, 
where R > 0. Moreover, since D is Stein, we have 


V 6fk(p)(uj,uk)d(j > 0. 
JdD t 


Thus if Qjk = 0 then R = 0 and 


( 6 . 2 ) 

Since 


«fM = (Vf,V t ') me = 0on3D. 

_ (UUWp , U(rtuU) 

\Li 1/ Li9S(-l 0g -p) “ "> • 


(6-3) . „ 

v 6 ~P P- 

and Vj = V? on dD , by (|6.3I) and ()6.2I) . we know that (Vj , Vk) t QQi j og _ p) is smooth up to 
the boundary of D. We shall use the following lemma, which follows from 

(6.4) Vf = d/dP - E '"did (?, 

by direct computation. 



















CURVATURE FORMULA 


27 


Lemma 6.1. Let ip be a smooth function on D. Assume that ip is strictly plurisubharmonic 
on each fibre of D. Denote by Vj the horizontal lift ofd/dP with respect to iddip. Then 

\vf, v*\ = 0 , - c^^d/dp, 

where c ft (<p) := (V*, V^) iS50 . 

Let us apply this lemma to ip = — log —p. Now by definition of Vj in Lemma 12.91 we 
have Vj = . Since (— log —pY' v = 0 on dD. By (16.3p and the above lemma, we have 

(6.5) [Kb 14] = 0) 011 D, and [V), 14] = 0, on dD. 

on the boundary of D. Moreover, we shall prove that the following lemma is true. 


Lemma 6.2. Assume that D satisfies A1 and A2. Assume further that + £ is trivial 
on each fibre of ir and Q(C,h ) = 0 on D. If R = 0 then each V k has a smooth extension, 
say Vj, that is holomorphic on fibres and smooth up to the boundary of D. 

If the above lemma is true then by (16.51) . we have 


[V j ,V k ] = [V j ,V k ]= 0, on 8D. 


Since Vj are holomorphic on fibres, we have 


Thus 




jfy, = »> ™ SD. 


Since -j^Vj are holomorphic on each fibre, we have 


_d_ 

di k 


Vj = 0, on D. 


Thus each Vj is a holomorphic vector field on D. Moreover, 

[Vj,\ 4]=0, on dD. 

Thus D is trivial. The proof of Theorem 12.171 is complete. 


Now let us prove Lemma 16.21 

Proof of Lemma 16.21 We shall prove that R = 0 implies that every V :i \ 0 p ( = Vfj) has 
a holomorphic extension to D. Notice that the proof of Lemma 15.11 implies that 

R = \mY^(dVj)\ Dt zufiwi, 


where cu 4 = idd{— log — p)\D t - Thus R = 0 implies that = 0. Since a P is d-bounded in 
the sense of Gromov (see [26], [21] or in), and 

b: =^2(^Vj)\ Dt j U j 

is cl-closed, we know that there exists a smooth L^-valued (n — l,0)-form u l such that 
<9*it* = b and 
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We claim that u : ( p,t ) H > u t (p ) is smooth up the boundary of D and u = 0 on 8D. In 
fact, if we can show 


( 6 . 6 ) 


>Dt 


{/, 6 } = 0 , 


for every enclosed Revalued (n — 1, l)-form / that is smooth up to the boundary of Dt, 
then *b £ Im(c^)*, where * is the Hodge-de Rham operator with respect to (iddp)\D t and 
(d^)* is the adjoint of with respect to (iddp) |_D t - By the regularity property of the 
3-Neumann problem (in fact, in our case, it is Dirichlet problem), one may solve 

(9*) V = *b. 

where v : (rj, t ) v t {ri) is smooth up to the boundary of D. Since (d^)* = — * 8 **, we have 

d t {— * v*) = b. 

Since v* £ Dom(9|)*, we have v t = 0 on 8 Dt . Thus || — < oo. Since there are no 

L 2 (with respect to u t ) holomorphic L^-valued (n — 1,0)-forms on Dt , we have u* = — * v*. 
Thus our claim follows from (16.6() . 

Now let us prove (16.6(1 . Put p* = p\D t - Since b is smooth up to the boundary, we have 


(6.7) 

Since 


[ {f,b} 

J D t 


= lim 

r— >0— 


{p*<r} 


{f,b}= r [ {/,«*}. 

r ^°~ J {p t =r\ 


t ^ (iddp)\ Dt 

UJ ^ - 


we know that ( v^W^t < oo implies that 


/ 

J D t 


\ U \idd P \ Dt {iddp) n \ Dt 


< oo. 


n\ 


Thus 


lim inf / 
r ^°- J{pt=r} 


|2 


Hddp\i 


da = 0. 


Since / is smooth up to the boundary, we know that 


( 6 . 8 ) 


lim (— 

r— >0— 


(- 1 )” / 

Jl 


{p t =r} 


f A u* = 0. 


Thus (16.61) follows from (16.71) and (16.81) . and our claim is proved. 

By our assumption, K x / b+£ is trivial on 7r _1 (i), thus there exists a holomorphic section, 
say e, of Kx/n + £, that has no zero point in 7r _1 (t). Now fix t £ B, 1 < j < m. Put 

uj =e, u k = 0, V k / j. 

By our claim, one may solve 8 * 11 * = (8Vj)\o t -> e such that u* = 0 on the boundary. Since 
e has no zero point in 7r -1 (f), one may write 

u* = V j e, on D t . 


Thus we have 

d l {V 3 - V) = 0, on D t ; Vj-V = Vj on 8 D t . 

Thus Vj\dD t has a holomorphic extension, say Vj\o t , to D t . The regularity property of Vj 
follows from the regularity property of u*. The proof is complete. 
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6.2. Triviality of holomorphic motions. 

We shall show how to use Theorem 12.171 to study triviality of holomorphic motions. 

Basic notions on holomorphic motion: Recall that that if every fibre Dt is a domain 
in C then: 

dD is Levi-flat if and only if 9^{p) = 0. 

It is known that the boundary of the total space of a holomorphic motion of a planar 
domain is Levi-flat. Recall that, by definition, a homeomorphism 

(6.9) F : (z, t) i-A- (f(z, 

from Do x B to D is called a holomorphic motion (see m ) of Do (with total space D) if 
/(-, 0 ) is the identity mapping and f(z, •) is holomorphic for every fixed z € Do- 

Curvature formula for holomorphic motions: Assume that Do is a smooth domain 
in C and F is smooth up to the boundary. Assume further that L is trivial and = 0 on 
D. Put 

vf := F*(d/dt j ) = d/dt j + fj(z,t)d/d(. 

By definition, Vf(p) = 0 on dD. Thus 

vf = Vj = Vf, on dD. 

Hence we have 

\\^2(Vf - Vf j Uj\\ u t < oo, 

which implies that 

)J(0, Uj) II 2 = ||H(]T(mf )k a u,)|| 2 . 

Criterion for 0 = 0 by using the Bergman kernel: Put 

J = fz/fz- 

Since 

d/d( = z^d/dz + z^d/dz, 

and 

_ fz -fz 

Z( \fz\ 2 -\M 2 ’~ C \fz\ 2 - \h\ 2 ' 

we have 

(6.10) (dVf)\ Dt = (f jzZ £ + fjzzc)d( ®-^= | 0 §(' 

Thus Qp. = 0 is equivalent to 

(6-11) K\C,V) ( jj id(/\d( = 0. 

for every ( 77 , t) in D and every j. 
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Proof of Corollarv \2.18\ . Since J = aft) now, by (16.111) . we know that 0 = 0 is equivalent 

to 

-r— fl 2 / ^(C> r 7) A dC = 0. 
i - \ a r J Dt 

for every ( 77 , t) in D and every j. But notice that 



A^(C, Tj) id( A d( = 1. 


Thus 0 = 0 is equivalent to aj = 0 for every j. Since a(0) = 0, we know that 0^ = 0 is 

equivalent to a = 0 . □ 

Remark: In [36], Ren-Shan Liu showed that if f = z + t 2 z, then F(i X D) is not 
biholomorphic equivalent to the bidisc, where D denotes the unit disc. Interested readers 
can find more information on the holomorphic motion in [50] and m- 


7. Appendix 


7.1. Variation of fibre integrals. 

Let B be the unit ball in R m . Let {Dt}t& be a family of smoothly bounded domains in 
R n . Put 

D := {(t, x) € R m+n : x € D tl t £ B}. 

Assume that there is a real valued function p on B x R n such that for each t in B, p \jj t is 
a smooth defining function of Df . 

We call a smooth family if there exists a fibre preserving diffeomorphism from 

B x Do onto D such that for each 1 < j < rn, ^^(d/dP) extends to a smooth vector field 
on M n . Put 


(7.1) [D\ :=On(Bx M. n ), 5D := dD D (B x M n ). 

Let dx := dx 1 A • • • A dx n be the Euclidean volume form on R n . Fix a smooth function / 
on a neighborhood of [D]. If is a smooth family then the fibre integrals 

F{t) := / /(t, x)dx 
JD t 


depend smoothly on t £ B. We shall introduce a natural way to compute the derivatives 
of F(t) (see [J 6 ] for related results). For every fixed j G {1, • • • m}, let 


d 




d 


dP ^ 3 dx x 

be a smooth vector field on a neighborhood of [D], We shall prove that: 


Theorem 7.1. Let be a smooth family of smoothly bounded domain in R m . Assume 

that Vj(p) = 0 on 5D. Then we have 

(7.2) |^(0 = Ly. ( f(t,x)dx ) = L v . (/ (t, x)dx ), 

for every t in B, where Ly := ^(LyT). 
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Proof. Without loss of generality, one may assume that t = 0 and j = 1 . Since V\(p) 
vanishes on 5D, the motion 

4> : (-1,1) X D 0 -A R m 

of Do associated to V\ is compatible with {Dt}, i.e. 

$(a x D 0 ) = D au , v = (1, 0, • • • , 0) € M m , 
for every a £ (—1,1). Since for every fixed a £ (—1,1), 

4> a : x i-A 4>(a, x) 

is a C°° isomorphism from Dq to D av , we have 


(7.3) 



Since V\ and / are smooth up to the boundary, we have 


(7.4) 



By definition of Lie derivative, 


(7.5) 


Lv i ( f(t,x)dx ) (0, x) 


lim 

O ^ a —>^0 


[('L a )*(/dx)](0, x) — f( 0 ,x)dx 


a 


where 


4 ,a : (bis, & b (x)) i->- {bv + au, 4> f,+a (x)), (6, x) £ (—1 + |a|, 1 — |a|) x Do- 


Since 


7 ;*{[(^“)*(/dx)](0,x) - f(aiy,$ a (x))d<5> a (x)} = 0, 


(1 7.2 1) follows from (17.41) and (17.51) . 


□ 


Now assume that m = 2, put 



Let 



be a smooth vector field on a neighborhood of [D]. If V ( p ) vanishes on 5D , then both 2Rey 
and —2ImR satisfy the assumption of Theorem 17.11 Thus we have: 

Corollary 7.2. IfV(p) vanishes on 5D then 



for every t £ B. 
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7.2. Stability of the Bergman kernel. 

We shall give a short account of Hamilton’s theory on regularity properties of families of 
non-coercive boundary value problems. By Lemma 2.1 in [3], stability of Bergman kernels 
follows directly from stability of solutions vf of a family of <9-Neumann problems □*(■) = /*. 
But it is not easy to prove regularity of u* by the standard method. In fact, if we want to 
use 

(7.6) |PV - « s )ll = 11/*-/*-(□* - □>!, 

to estimate ||u* — 11 then we have to find a natural connection between the domain of □* 

and the domain of CP (i.e., u s may not be in the domain of □*). 

Hamilton [28] found a more natural way to study the regularity properties of families of 
non-coercive boundary value problems (not only for the 0-Neumann problem). For reader’s 
convenience we give a sketch description of Hamilton’s idea. 

Instead of considering CP (whose domain satisfies the so called cLNeumann condition), 
Hamilton considered the full Laplace operator □* (whose domain contains all forms smooth 
up to the boundary). Let u l be a form smooth up to the boundary. In general, the Sobolev 
norm of □*(«*) could not control the Sobolev norm of u t . In fact, vf has to be in the domain 
of CP (see 22j). Thus two more operators (sending forms on Dt to forms on the boundary 
of Dt) are used in Hamilton’s paper, i.e., he considered the full cl-Neumann problem 

(7.7) ©*(■) := (□*, 0p)y, 0p) V3*) (•) = /*, 

where 

0 p )y ■= 0 pA-)*. 

Now the domain of & is C^° 9 (D t ) for each t. Choose a C°° trivialization mapping 

B x Dq ~ D, 

then the domain of ©* can be seen as a fixed space C^° 9 (Dq). Moreover, by [28], the constant 
in the basic estimates for 6 t can be chosen to be independent of t € B. Thus (17.61) applies. 
The interested reader is referred to that paper for further information and a clear proof. 

7.3. L 2 -estimate for da = d^b + c. 

We shall prove a generalization of Demailly’s theorem (see [18], [30] or [6]) in this section. 

Theorem 7.3. Let ( L,h ) be a Hermitian line bundle over an n-dimensional complete 
Kahler manifold (X,oj). Let v be a smooth d-closed L-valued ( n,l)-form. Assume that 

iO(L, h) > 0 on A', ( resp. i©(L, h) = 0 on X) 

and 

I(v) := inf H&ll 2 + ||c||? e(Lh) < oo, (resp. I(v) := inf \\b\\l < oo). 

v=o ( / ) b-\-c v ’ ' v=o ( f)0 

Then there exists a smooth L-valued (n,0)-form a on X such that da = v and 

(7.8) \\a\\l<I(v). 

Proof. We shall only prove the iQ(L,h ) > 0 case, since the i&(L,h) = 0 case can be 
proved by a similar argument. By Hormander’s theorem and the standard density lemma 
for complete Kahler manifold, it suffices to prove that, 

(7.9) |(V + c,gU 2 < (||C + \\c\\^ h) )(\\d*g\\l + | Ml), 
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for every smooth L -valued (n, l)-form g with compact support in X. Notice that 

(d'pb + c, g) u = ( b , d^g) u + (c, g) u . 

Hence 

|(fy& + c, 0) w | 2 < (|| 6|| 2 + M 2 ie ( L ,h))(\\ d ^g\\i + ([*©(^, *-), A^]^, 5 -)^), 

where denotes the adjoint of wA. Thus (17.911 follows from the Bochner-Kodaira-Nakano 
formula. The proof is complete. □ 
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